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1 Introduction 



In [To] , we study solutions to the affine normal flow for an initial hypersurface 
L C R""*"^ which is a convex, properly embedded, noncompact hypersurface. 
The method we used was to consider an exhausting sequence of smooth, 
strictly convex, compact hypersurfaces so that each Li is contained in the 
convex hull of for each i, and so that Li ^ L locally uniformly. If 
the compact Li is the initial hypersurface, the affine normal flow is 
well-defined for all time t from to the extinction time Tj [7]. Then for all 
positive t, we define the affine normal fiow for initial hypersurface £ as a limit 
L{f) = limj^oo '^i(t). Ben Andrews extensively studies the affine normal flow 
for compact initial hypersurfaces [H [2] . 

The method of proof in [TOj is to consider the support functions S£. = 
and to take the limit as i — > oo. For each Y G R"+^, the support function is 
defined by 

s{Y) = sciY) = snp{x,Y), 
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for (-, ■) the Euclidean inner produce on M""^^. It is immediate that s is a 
convex function of homogeneity one on R"+^. The homogeneity property 
means that it suffices to study the behavior of s when restricted to the unit 
sphere S" C M""*"^. Also, s restricted to an affine hyperplane not touching 
the origin in M.^~^^ determines s on a half-space of M""''^. We consider s in 
this setting primarily: If y = [y, —1) for y G M", then s evolves under the 
affine normal flow by 

ds / dh , N 

- de^T^ • (1-1) 



dt \ dy^dy^ ^ 

Note that this setting of considering the restriction of s to the hyperplane 
l^n+i = ]^ j ]2as its roots in the Minkowski problem (see Cheng- Yau [3]). 

In the present paper, we consider our previous result primarily the point 
of view of Equation (11 .ip — in other words, from more of a classical PDE point 
of view as opposed to the largely tensorial point of view in [10]. Also, to the 
extent possible, we phrase the proofs in analytic terms, and try not to rely 
too much on the affine geometry. In particular, consider the support function 
Si of Ci. Then as i — >■ oo, SiiY) increases to the limit s{Y) for all Y G R"'^^ 
(this follows by the exhaustion property of Ci ^ C). The noncompactness 
of £, implies that s is equal to +oo on at least a half-space of M"+^. Let 
'D°{s) be the largest open subset of M"^^ on which s < oo. (T>°{s) is then the 
interior of the domain of s, which is defined by T>{s) = {Y : s(Y) < +oo}.) 
Since T>°{s) is contained in an open half-space of M"^^, we may (by choosing 
new coordinates if necessary) restrict to the affine hyperplane {Y = {y, —1) : 
y G M"} and consider the limit Si y s. 

We make the following nondegeneracy assumptions about C and thus s. 
First, assume that C does not contain any lines. This is equivalent to 

l?°(s)^0 (1.2) 

(see e.g. Rockafellar [12] )• Also assume that £ is a hyper surf ace, and not 
a lower- dimensional set. So, in particular, the convex hull C has nonempty 
interior, and thus contains a small ball B^{P). Thus s = sc = > sb^{p), 
and there are P G and e > so that for all Y G M"+\ 

s{Y) > e\Y\ + {P,Y) (1.3) 

For Y = {y, —1), this assumption becomes that there are e > 0, p G and 
cE Rso that for all y G M", 

s{y) >e^\y\^ + l + {p,y)-c (1.4) 
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Also note that equation fll.3p may be computed using the following useful 
transformation law for the support function: If A G GL(n + 1,M) and b G 
W+\ then 

SAc+biY) = sciA'Y) + {b,Y). (1.5) 

This rule is particularly useful, since the affine normal flow is invariant under 
all affine volume-preserving maps of M""*"^. Note also that fll.Sp is equivalent 
to a projective transformation of s when restricted to {y""*"^ = — !}• 

In terms of the support function functions, we consider Si s, where 
the Si : M are all convex functions of homogeneity one on M"+^ \ {0} 

which are smooth and strictly convex on each affine hyperplane in M"+^ 
which does not pass through the origin. Then the affine normal flow 
may be defined by solving (11.11) on affine coordinate hyperplanes {y* = ±1} 
and patching together the solutions. More simply, Sj|sn solves a parabolic 
equation, and thus we have existence and uniqueness for a short time (as 
noted by Chow [7j originally). Then we let Sj — >■ s pointwise everywhere in 
]^ra+i^ given the nondegeneracy assumptions (II. 2p and (11.40 and as well that 
the interior of the domain T>°(^s) is contained in the half-space {y^^^ < 0}. 

Now for the affine normal flow, Sj(t) /" s{t) as i — oo. On V°{s), this 
is an increasing limit of smooth strictly convex functions (and so s{t) is 
Lipschitz a priori). Our problem is then to examine which properties of the 
solutions Siit) to (II. ip survive in the limit Si{t) y s{t) on T>°{s). This will 
determine the regularity properties of s{t). In particular, there are locally 
uniform spacelike C^'^ estimates on Si on ^^"{s) just by convexity. Uniform 
spacelike and ellipticity estimates follow by a global speed estimate of 
Andrews |2j which survives in the limit as Sj — s and a local Pogorelov-type 
estimate of Gutierrez- Huang [8]. We also use a barrier due to Calabi [3] 
to ensure we can apply Gutierrez-Huang's estimate to get locally uniform 
spacelike estimates on Sj for all positive t. Then Evans-Krylov theory 
applies to get locally uniform parabolic (72+a,i+«/2 gg^^jj^iates and standard 
bootstrapping implies local C°° convergence of Si ^ s for positive time t. 

There is also an important estimate of Ben Andrews [Ij on |Cp associated 
to Si the support function a compact, smooth, strictly convex hypersurfaces 
Ci, for a tensor C called the cubic form. This estimate shows that for any 
ancient solution to the affine normal flow, |Cp = 0, which implies by a 
classical theorem of Berwald that £ is a quadratic hypersurface. In Section 
[7] below, we reproduce this classical theorem from the point of view of the 
support function s. 
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2 Support Function 

In this section, we compute some of the basic quantities of afiine differential 
geometry in terms of the support function s. In the end of this section, we 
show that (11. ip is equivalent to affine normal flow. 

Let F be a smooth embedding of a strictly convex hypersurface in terms 
of an extended Gauss map. This means F = F{Y) for any vector Y equal to 
a negative multiple of the inward-pointing unit normal vector u to the image 
of F. So F is a function from an collection of open rays in M"+^ \ {0} to 
]R"+i which is homogeneous of degree 0. In particular, we have 

siY) = {F,Y). 

The affine normal is a transverse vector field to the image of F which is 
invariant under the action of all volume-preserving affine maps in M*^"^^. We 
recall the basic tensors and structure equations of affine differential geometry: 
For each y in the domain of F, consider the basis Fi, . . . , Fn, ^ of R""^^, write 
the derivatives of these basis elements in terms of the same basis: 

Here Qij the affine metric, or affine second fundamental form, is positive 
definite for strictly convex hypersurfaces; Ff^ is its Levi-Civita connection; 
C^j is the cubic form; and Al is the affine curvature, or affine shape operator. 

Now we derive the formula for the cubic form C^j in terms of the support 
function s: 
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Under the extended Gauss map, the inward-pointing Euchdean unit nor- 
mal V satisfies 

\Y\- ^TTW • ^ ' 

and the (Euchdean) second fundamental form is given by 

'»« = Tffp- = V^l^"*- (2-2) 

The scalar function is defined to be (det/ijj)^(det^jj)~^ for Qij = 
{Fi,Fj) the induced metric from Euchdean ]R"+^. We compute (using the 
formula for gij below) 

0=(1 + |2/|2)-^D-^, 

for D — det , and 

0, = -y\l + |t/|2)-iD-^ - ^(1 + \y\^)-'^D-^^{\nD)k, 

n + 2 

where {lnD)k = s^'^Spq^. We also define the vector field by 
= - h'%k 

= - ^l^H^\-y\l + ||/|2)-ii?-^ - ^(1 + lyl^)-^D-^(lnD),] 

n -|- z 



.L>-^[(1 + |y|2)-^sV+ ^«^'(lni^)fe] 



(2.3) 



F = (si, . . . , s„, (siy') -s), 

= (sii, . . . , Sni, Say'-) (2.4) 
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In terms of the scalar function and the vector field defined above, 
we define the affine normal ^ as 



01/ + Z'Fi 
(1 + lyl^y^D'"^ ■ 



n + 2 

= L>-^(i + |y|2)-i.(V,---,-y",i) 

+ L>-^^(l + |y|2)-i(yi,...,y",|y|2) 

1 

+ ^^{{]nD),, (lnL»)„, (lnL>),yO 

^ Z}-^((lnZ})i, . . . , (InZ^),, (n + 2) + {lnD),y'). 



(2.6) 



n + 2 



The affine normal ^ is invariant under volume-preserving affine actions on 
M""*"^. The affine metric (also called the affine second fundamental form) gij 
is invariant under the same group, and is given by gij = 4>~^hij. So compute 

1 

In terms oi s = s{y,—l) = s{Y), the embedding F is given by 
F= (si,...,s„, (sjy*) -s). 



gij = (detsfe^)"+2s 



drnQij = (detSH)"+2(^^-^S^^Sp9m% + Sijm) 



g'^ = (det Ski) s 
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l„kl 



1 



\ \ J, 1 k M ^ kt 

(2.7) 

where we define D — detSjj. Now compute the metric induced from the 
Euchdean metric gij. 

ldF_ dF \ 



n u 1 

I |2 + (^fe/)s'^ where s""" is the inverse of Sij, 

k,l=l 



det^. = det(^)det(.V + .-)det(^) 



(l + |yr)det' 



Recall that ^ = + Z^F^, hij = (pgij and 



So 

(F,,-, Fi) = gijZ%i + r'^^g^i + C^^g^i, 

and, lowering the index by the affine metric Cijk = Cl^gik, 

Cijk — {Fij, Fi)g''"^g^k — gijZ"^gmk — ^Tj9mk- (2.8) 
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First, we compute 

- 9ijZ^ 

= - (detsfe,)^s,,(dets,,)-^[(l + \y\^)-^s^'y' + V 
So 

~ gijZ''gik 

77- n" ^ 

P,Q 

1 1 ^ (2.9) 

= - 5,,(det5,,)^[(l + \y\yV + 



n + 2 

Si 



Now, we compute 



fl' 9mk 



and 



So 
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Qmk 



p 

+ Skij + Srijy'y'' + Sijy^)) 

= D^{- Spi.yPy^ - s,j\yWl + y\^y^ + stij + Srijfy^ + s^/)) 

(2.10) 



2'n + 2 
, 1 



n + 2 



n + 2 



(2.11) 



From fl2J0D . fM . fl2lT|) and dM]), we have 



V 



+ Sfc,,- + s„jl/V + Si,?/'') ) - (dets,,)^[s,,(l + \y\^)-\^ + -^^{InD)^ 
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£)n + 2 



1 



1 



2(n + 2) 



Sfei(lnL')j 



1 



2(n + 2) 



Skj{\nD)i 



2{n + 2) 



(2.12) 



Now we prove that (11. ip is equivalent to the affine normal flow. 
Proposition 2.1 The affine normal flow 

d 
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is equivalent to the evolution of the support function 



ds 

_ = - ( det 



dt 



Proof first compute St from Ft = ^: Recall that u = — ^ ^ ^ '^^ 



which is independent of time in our coordinate system, since dtiy = (see 
[TO]). Using the definition s = {F,Y), ^ = (1 + \y\'^)-^D-^u + Z'Fi and 
dtY = 0, we have 

dts = {dtF,Y) + {F,dtY) 

= {|det(l + \y\^)-^D-^u + Z'Fi, -(1 + \y\'^)^i^^ 

1 

= —D "+2 . 

1 

For good measure, we also compute Ft from st = —D "+2 : Recall that 
the position function F can be expressed by the support function 



[Sl, 



Sn, {Siy^ 



Recall D = det(^|^). Note that 



St = -D 

Sit = sti = {-D'^)i 

1 1 



n + 2 



Compute 
dt 



n + 2 
Recall that 

1 



[Sti, . . . , Stn, Stiy^ — St 



D-—^{{\nD\, (lnD)„, (InDW + n + 2). 



n + 2 



D-^((lnD)i, . . . , (lnD)„, (n + 2) + {\nD),y') 



from ( 12.6p . Therefore -ktF = ^. 



(2.13) 



□ 
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3 Andrews's Speed Estimate 

In this section, we repeat, for the reader's convenience, our version of a speed 
estimate of Andrews [2]. 

Proposition 3.1 Let s be the support function of a smooth strictly convex 
compact hypersurface evolving under affine normal flow. If s{Y,t) > r > 
for all Y eS'' andte [0, T], then 

\dts\ <(C + C't"^) s 

on X [0,T], where C and C are constants only depending on r and n. 

Proof Consider the function 

_ -dts 
^ ~ s-r/2' 

We apply the maximum principle to logg = log |9ts| — log(s — r/2). In 
particular, at a fixed time t G [0,T], consider a point y G S*^ at which q at- 
tains its maximum. By changing coordinates, we may assume that this point 
Y = (0, . . . , 0, —1) is the south pole. Then, as in Tso [I3], consider the coor- 
dinates y = {y^, . . . , y^) for s restricted to the hyperplane {{y^, ■ ■ ■ , y", — 1)}- 
At y = 0, we have for z = 1, . . . , ra 

(logg). = ^ - = ^^ (3.1) 

St s — r/2 

The condition for (logg)|gn to have a maximum at the south pole is 

(logg)ij + {\ogq)n+i6ij < (3.2) 

as a symmetric matrix. Here we use subscripts to denote ordinary differen- 
tiation fi = dy^f and ft = dtf . 

To compute the second term in (13. 2p . use Euler's identities for a function 
of homogeneity one 



n+1 n+1 

„ "Si = S 

i=l 



^y'sti = st, ^y' 
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at the point Y = (0, . . . , 0, —1) to conclude Stn+i = —St, s„+i = —s, and 

r/2 

(logg)„+i = -. 

s — r/2 

For the first term in fl3.2p . compute 

(logg).. = !L+ 





SfiStj 


St 


St 


Stij 


Sij 


St 


s — r 



r/2 {s-r/2y 



at ?/ = by (13. ip . Thus (I3.2p becomes at y = 

r/2 Stij Sij 



+ rill lil^ < 0. (3.3) 



s — r/2 St s — r/2 

Now, we compute using the flow equation (11.11) 

(logg)t = dtlog\dts\ - dtlog{s - r/2) 

dt log det {sij ) — 



n + 2 " ^ ^' s - r/2 



1 .^3. 



n + 2 ^ s - r/2 

for s^^ the inverse matrix of Sij. Then (13. 3p implies that 

(logg)t < ;— ■ — —^ij^ 



n + 2 s-r/2 n + 2 s-r/2 

r/2 ^ 2n 

q5ijs'^ + —^q, 



n + 2^ ' n + 2 

n+2 n+2 

Now if we let fii be the eigenvalues of s^^ , or equivalently the reciprocals of 
the eigenvalues of Sij, then we see 

1 n 

= (dets,,)-^ = (^11/^0 ^[-Z2f^j = [n^'^'^J 
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by the arithmetic-geometric mean inequahty. Therefore 



OijS-^>n\St\ " = nq " [s — r/2) " > nq y/^) " 
since s > r. And so finally, at y = 0, and thus at any maximum point of 

. , , 2n + 2 

n(r 2) " 3n+2 2n , ,^ ^, 

?t < - ^ ' q— + —-t: q'- 3.4 

n + 2 n + 2 

Now define Q{t) = maxyggn q{Y,t). Then ( 13.41) implies that 

„ „o / 2n+2 „ n + 2 , \ 

Qt < -g' [Cnr—Q— - c'^) 
for constants c„, depending only on n. Therefore, 

C 2n+2 _-, n 'I 

Q < max < c^r "+2 , c^r t 2n+2 ^ (3.5) 
for Cn, c'^ new constants depending only on n. The result easily follows. 

Remark 1 Q may not be differentiable as a function of t, hut the above 
estimate \3.5^] still holds — see e.g. Hamilton J3, Section 3]. 

□ 



4 Gutierrez-Huang's Hessian Estimate 

Again, for the convenience of the reader, we reproduce our version of Gutierrez- 
Huang's Pogorelov-type estimate [8] for solutions to the Monge- Ampere equa- 
tion. 

First we define a howl-shaped domain in spacetime and its paraholic bound- 
ary. A set C M" X M is bowl-shaped if there are constants to < T so that 

n= [j ntx{t}, 

to<t<T 

where each Qt is convex and Qti C Qt2 whenever ti < t2. The parabolic 
boundary of Q is then dfl \ {Qt x {T}). 
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Proposition 4.1 Let s be a smooth solution to U.l\) which is convex in y, 
and let Q be a bowl-shaped domain in space-time x M so that s = on 
the parabolic boundary ofQ. Let (3 be any unit direction in space. 
Then at the maximum point P of the function 

w = \s\ dlpS e^^^^'^\ 

w is bounded by a constant depending on only s{P), Vs(P) and n. 

Proof Choose coordinates so that (3 = (1,0,. ..,0) and so that at a maximum 
point P of w, Sij is diagonal (in order to bound all second derivatives it 
suffices to focus only on the eigendirections of the Hessian of s). 

Since w is positive in Q and on the parabohc boundary, there is a point 
P outside the parabohc boundary of Q at which w assumes its maximum 
value. We work with logw instead of w. Then at P, 



(log w) 



0, 



(logw)t>0, (logw)ij < 0. 



Here we use i,j,t subscripts for partial derivatives in y^, y^ and t, and the 
last inequality is as a symmetric matrix. These equations become, at P, 



S Sii s 

To use (14. 2p . we compute, for D = det Sij, 

1 



\ h SiSu = 0, 

S Su 

St , Silt , . ^ 

\ h SiSit > 0, 

S Sii 
, Siiij SiiiSiij 

H 2~^^ + + ■^I'^W - 0- 

^11 



(4.1) 
(4.2) 
(4.3) 



Sit 



Silt 



D n + 2 



D " + 2 



n + 2 
1 



D "+^s'^Siji, 



s'^s.^iY 



s'^S^^SkllSiji + 



1 



(n + 2)2^" ''''' n + 2 
Now plug into (14. 2 p and divide out by D~"^ to find 

1 / N O 1 'il 1 



n + 2 



s'^Sijii 



1 

Sll 



{n + 2)' 



:{s'^Siji) 



n + 2 
, 1 



^^S^huxSi^X + 



n + 2 



s'Hi^ii 



1 

s n + 2 



s''s,,i) > 



(4.4) 
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The last term of the first fine of fl4.4l) leads us to contract fl4.3p with the 
positive-definite matrix s*-' so that at P: 

\ S S Sll S^^-y^ 

n 2s^^SiSj ^ s''^Siiij s^^SiSiSij s''^SjSiSii 

S Sll s s 

- s'^slsusij + s'^SijSii + s'^sisuj (by dUD) 

n 2s Si-Sj s Siiij 2s-i 2 , , a 
= s^^sii + Sll + s^sisiij 

S Sll s 

(since Sij is diagonal at P) 

n 2s''^SiSj 2s? 2 a n + 2 

> s^^sii + Sll + s^SiShj H 

S S"^ s s 

a , {s'^Sijif s^^s^^SkiiSiji 

- SiS ^Siji + — + 

(n + 2)sii Sll 



> 



(by 

2n + 2 s2 2s2 _ , ^ si. 



1=1 «J=1 

by collecting terms, completing the square, and since Sij is diagonal at P. 
Continue computing 



2ti -\- 2 „ V — V s^ 2s? o s?i -1 „ V — V s^ 

> 2V-^ l-slsii + sii + ^ + 2y^ 



Hi 



S^Sjj S Sll ^ll^ii 

2?^ I 2 25-1 25i o 5-1 25-1 o 

= ^ slsii + Sll + + — + slsii 

S S^Sii S SiiS"' s 

by (14.11) and since Sij is diagonal at P. Finally, collect terms so that 

2n + 2 1 / s? 

> Sll + + — -4 

S Sll V -5^ 

and multiply each side of the inequality by s^sne'*! to find a quadratic in- 
equality 

w"^ + aw + b<0 

12 

for w = |s|siie2'*i at P the point in i7 at which the maximum of w is achieved. 
The coefficients a and b involve only n, s{P) and Si(P), and so there is an 
upper bound of w on depending on only these quantities. □ 
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This bounds Sij away from infinity, which, together with Andrews's speed 
estimate, shows that the eUipticity is locally uniformly controlled in the inte- 
rior of appropriate bowl-shaped domains. In the next section, we use barriers 
essentially due to Calabi [3j to ensure that appropriate bowl-shaped domains 
exist, and so Gutierrez-Huang's estimate applies. 

5 Barriers 

We will use two soliton solutions to the affine normal flow as inner and 
outer barriers. First of all, the unit sphere is a shrinking soliton, and we 
use its affine images, ellipsoids, as inner barriers. Since the ellipsoids are 
compact, their support functions are finite and smooth on all M""*"^, and 
the usual maximum principle applies: If for an ellipsoid E, se ^ Si on all 
(which is equivalent to the inclusion of convex hulls E G Ci for Ci the 
hypersurface whose support function is Sj), then the maximum principle for 
parabolic equations on S" shows that SE{t) < for all positive t before 
the extinction time of SE{t)- 

The outer barrier we use is an expanding sohton due to Calabi |3]. Upon 
taking an affine transformation, its support function sc has T>°{sc) an open 
cone over a simplex, and has the value of a linear function there. (Out- 
side its domain, recall the support function is -|-cxo.) Moreover, under the 
affine normal flow, sc{t) satisfies Dirichlet conditions on the boundary, and 
is continuous and finite on the closure of its domain. These properties make 
Calabi's example very useful as an outer barrier (as exploited by Cheng- Yau 
[H E] for the elliptic real Monge- Ampere equation) . 

Recall that Sj y s, where Sj are the support functions of strictly convex 
smooth compact hypersurfaces Ci which approach C On I^°(s), as Si y s 
uniformly on compact subsets, and since the Si are convex, we automatically 
have uniform C° and estimates on compact subsets of T>°{s). We define 
s{t) = limj^oo Si{t) for positive t also, and so we have locally uniform C° and 

estimates for positive t as well. 

To get similar uniform local eUipticity bounds for small positive t, we need 
to check the hypotheses of Propositions 13. II and 14.11 as well. For Proposition 
13.11 we must ensure that Si{Y) > r for all large i, t E [0,T], and Y G S". 
The affine normal flow of a sphere provides a lower barrier to show this. In 
particular, we have the solution corresponding to the affine normal flow of a 
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sphere centered at the origin. For any tq > 0, let 



( 2n+2 9^ _|_ \ 2n + 2 

Then u satisfies the affine normal fiow equation for a support function. Now 
the nondegeneracy assumption (11. 3p shows that we can use the transforma- 
tion law (11. 5p with A the identity matrix and b = —P to show s{Y) > e for 
all Y G Thus (15.11) and the maximum principle show that for r = e/2 
there is a T > so that for all t G [0,T] and F G S", and large i, we have 
SiiXi t) > r. Thus we can apply Andrews's estimate for all time in t G [0, T]. 

Proposition 5.1 Let C be a noncompact convex properly embedded hyper- 
surface in M"+^ which contains no lines. Then the affine normal flow C{t) 
exists for all positive time t > 0. 

Proof We will phrase this in terms of the support function. Since C is non- 
compact, there is a ray R = {v + tw : t > 0} contained in the convex hull 
C. We may choose coordinates so that w = (0, 1) G x M. Therefore, the 
support function 

siY) = sciY) > sniY) = ^ (^;, y) for y^^^ < 

We will use this estimate, together with the nondegeneracy assumption (11.31) 
to provide a lower barrier. In particular, there is an e > so that s{Y) = +oo 
for ?/"+^ > and 

s{Y) > e|F| + {v, Y) for 7/"+^ < 0. 
The barrier we will use is, for y = {y^, . . . , y") and Y = {y, y""*"^), 

SE,{y) = eVWT{jr^' + {v,Y)+jy''+\ 

This is the support function of an ellipsoid centered at P + (0,j) with n 
minor axes of length e and one major axis of length ej. Clearly for all j > 1, 

SEj(Y) < s(Y). As j oo, the ellipsoid is equivalent, under a volume- 

1 

preserving affine map, to a sphere of radius ej "+i , which also goes to infinity. 
Now (15.11) shows that the extinction time of the ellipsoid under the affine 
normal fiow goes to infinity as j — > oo. Since the se^ are all lower barriers 
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to s (which is equivalent to the eUipsoids Ej being inside the convex hull £), 
we have that the affine normal flow applied to s must exist for all time. □ 

Now to flnd appropriate bowl-shaped domains to apply Proposition 14. 
we use an upper barrier due to Calabi. This barrier is flrst used in the real 
elliptic Monge- Ampere equation by Cheng- Yau O |6]. Calabi's example is 
based on the fact that the hypersurface 

r n+1 

C{t) = l{x\..., G M"+' :Xi>0,Ylx' = k>0 

is an expanding soliton for the affine normal flow (which evolves by setting 
the parameter k = k{t) for an appropriate function). At time t = 0, we set 
the hypersurface 

{n+1 
{x\ x"+^) G : Xi>0,Ylx^ = 

the boundary of the flrst orthant in M"'^^. The support function of this 
example is given for Cn = (n + 1) 



n + 2 



Vn+2/ 



+00 if any > 

Sc{Y,t)={ / ^n+2 +1 .\;iTT .„ . ^ (5.2) 

-{n + 1) l^Cnt " ni=i \y \ ) if all 2/ < 

Note in particular that for time t = 0, sc{Y,0) is on the closed orthant 
on which all the < and is +oo elsewhere. In order to flnd a more 
flexible class of barriers, we can apply (11. 5p to transform sc by a volume- 
preserving affine map $ : x i— > Ax + 6 to be any linear function (6, Y) on any 
linear image {A^)~^C, and +oo elsewhere. In our standard affine coordinates 
Y = {y, —1), we flnd that the support function of C(0) can be transformed to 
have its domain be a simplex (this is a projective image of the flrst orthant in 
M"), and the value of s$c(0) is any affine function of y on this domain. The 
graphs of these functions will give us the flexibility to create upper barriers 
for the support function which ensure that the function s does move by a 
certain amount under the affine normal flow. This in turn gives a bowl- 
shaped domain in which to apply Gutierrez-Huang's interior estimates for 
the Hessian of s. 

Assume that the domain 'D°{s) is contained in the lower half-space of 
M""*"^. So since s has homogeneity one, s can be described by its behavior 
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on the affine hyperplane Ti = {{y, —1) : y G M"}. For the remainder of this 
section, we consider the domain ^"{s) to be a subset of M", as identified with 
the affine plane Ti. 

Each X e T>°{s) has a convex neighborhood A/" on which Si s uniformly 
as an increasing sequence of convex functions, and so that the Lipschitz norms 
II Sj II (70,1 (A/") are bounded by a constant C independent of i. By adding linear 
functions (constant in t) to the Sj, we may assume Si{x) = and Vsi(x) = 0. 
This normalization does not affect the Monge- Ampere equation (11.11) or the 
Hessian of Si (and so the estimates we derive apply to the original Si as 
well). We can choose points pi,...pn+i so that < Si{y) < C for C a 
constant independent of i and y in the convex hull Q of the pj. We may also 
assume that x is in the interior of Q. Now consider the simplices Sj to be 
the convex hull in of the points 

X,pi, . . . ,Pj^i,Pj,Pj+i, . . .,Pn+l, 

where pj is omitted from the list. Define Pj to be an affine function on each 
Sj which is equal to C on each of the pk G Sj and is equal to at a; , and 
define Pj to be +oo outside Sj. Then define P{y) = miiij Pj{y). Then it is 
clear that P is satisfies Pj{y) > P{y) > Si{y) for all i and for all y G M". 

We do not know the explicit solution to the Monge-Ampere equation 
(11.11) with initial value P, but all we need to show to produce uniformly large 
bowl-shaped domains centered at x for each of the Sj is that P{x,t) < for 
positive t. This can be verified as follows: By the discussion above, Pj is the 
image of Calabi's example C(0) under an affine transformation z i— Az + 6 of 
]^n+i_ gy ^Yie explicit solution (15.21) and the transformation law (II. 5p . we see 
that P{t,y) < Pj{t,y) < for small t > and all y near x on the ray from 
X to the barycenter of Sj. Therefore, since P{t, y) is convex in y and x is in 
the convex hull of the barycenters of the Sj, we have shown that P{t, x) < 
for all small positive t. 

By the maximum principle, each sub-level set of each Sj contains a sub- 
level set of P, which shows that x G 'D°{s) has a uniformly large bowl- 
shaped domain around it for each Si independently of So Gutierrez-Huang's 
Hessian estimates are uniform in every compact subset of T>°{s) x (0,T] for 
small T. 

By standard techniques, both Gutierrez-Huang's and Andrews's estimates 
can be extended in time to be uniform in compact subsets of ^"{s) x (0, oo). 
These estimates uniformly control the spacelike norm and the ellipticity 
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of Sj. Then the Monge- Ampere equation allows us to apply Krylov's regu- 
larity theory to get local uniform (72+0,1+0/2 estimates, which can then be 
bootstrapped to show 

Theorem 5.1 On V°{s) x (0, 00), Si s in the topology. 

Also note that in [TO] we use the same inner and outer barriers to show 

Proposition 5.2 Under the affine normal flow, s satisfies a Dirichlet bound- 
ary condition on dT>{s). 

This proposition holds regardless of the boundary regularity — s can be infi- 
nite or finite and discontinuous on the boundary dV[s) [12]. We also use the 
barriers to show 

Proposition 5.3 For every t > 0, F = F{y,t) is properly embedded as a 
function of y for (y, — 1) G T>°{s). In other words, as {y,—l) —>■ dT>°{s), at 
least one coordinate of 

F{y) = {si{y), • • • , Sn{y), Sk{y)y^ - s{y)) 

goes to ±cxD. 



6 The evolution of |Cp 

Here we recall an estimate of Andrews pLj on the evolution of |Cp = g^^g^^g'^^CijkCimp- 
For a compact strictly convex initial hypersurface evolving under the affine 
normal ffow, 

1 .\,^,2 



dt —A \CY < — -^—\c\\ 

n + 2 y ' ' - n{n + 2y ' 

Then the maximum principle shows that for all t G (0, T) for T the extinction 
time, 

\C? < ^ (6.1) 

independently of initial conditions. 

Since Theorem 15.11 above shows that Si —>■ s in C^^ on ^"{s) x (0, 00), 
the pointwise bound (16. ip survives in the limit for any solution to the affine 
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normal flow beginning at time t — 0. If the flow begins at time r instead, 
then of course we have 



\c\'< 



2 ^ n(n + 2) 



2{t - r) ' 

and for an ancient solution (r — >• — oo), we must have |Cp = 0. In the 
following section, we give a proof of the classical theorem of Berwald that 
says that Cijk = implies the hypersurface is quadric. Thus any ancient 
solution to the affine normal flow must be a quadric hypersurface. Since a 
hyperboloid cannot form part of an ancient solution, we have 

Theorem 6.1 Any ancient solution to the affine normal flow is a paraboloid 
or an ellipsoid. 



7 Quadric Hypersurfaces 

Now we prove a classical theorem of Berwald, that the cubic form Cijk = 
implies that the hypersurface is a quadric. The first step is to show that the 
hypersurface is an affine sphere (i.e., that ^ = aF + y for a constant scalar 
a and a constant vector V). 
Compute for Cijk — 

Sijk = ^^^^(sij(lni:')fc + Sjfe(lnL')i + Sjki(lnL))j-^ (7.1) 

and differentiate to find 

(n + 2)sijki 

= (^Siji{lnD)k + Sij{lnD)ki + SjkiO-riD)i + Sjk{lnD)ii + Skii{lnD)j + Ski{lnD)ji 

= -^{sij{lnD)i{lnD)k + Sji{\nD)i{lnD)k + s u {In D) ^ {In D)k) + Sij{lnD)ki 

+ ^^{sjk{lnD)i{lnD)i + Ski{lnD)j{lnD)i + sij{lnD)k{lnD)i) + Sjk{lnD)u 

+ -^{ski{lnD)i{lnD)j + Sii{lnD)k{lnD)j + sik{ln D)i{ln D)j) + Ski{lnD)ji 

(7.2) 
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(n + 2) Silk j 

= -^{suilnD)j{\nD)k + Sij{\nD),{\nD)k + Sj,{lnD)i{\nD)k) + Su{\nD)kj 

+ -^{sikiln D) j {In D)i + SkjilnD)i{\nD)i + Sji{\n D)kiln D)i) + SikilnD)ij 

+ ^-(sfei(lnD),(lnD); + Si,(lnD)fe(lnD)i + s,fe(lnD)i(lnD)i) + Sfci(lnD)z,- 

(7.3) 

Using Siju = SiZfej, we have 

s,,((lnL>)fei - ^-(lnD)fc(lnD)0 + s,fc((lnD);, - ^-^(In D),(ln D),) 

= Sii((lnL>)fe,- - ^-(lnL>)fe(lnL>),) + s,fe((lnL>)y - ^-(lnL>)i(lnL>)0 

(7.4) 

Multiplying s*-^ to previous equation, we get 
n{{lnD)ki - -^{lnD)k{lnD)i) + {{lnD)ik - -^{lnD)i{lnD)k) 

Th n" Z Th n" Z 



{{lnD)ki - -^{lnD)k{lnD)i) + siks'^ {{In D)ij - ^(lnD),(lnD);) 

Th n" Z Th n" Z 

(7.5) 

So 

n((lnL>),, - -^{\nD)k{\nD)i) = Si,s^^((lnL>),,- - ^(lnL>),(lnr>)0 

Let (S" be the matrix {sij) and T be the matrix with T^j = {In D)ij — 
(inDMini^)j _ go jj^^g J. _ Denote trT = g'^Tij. 

Prom (n + 2)^ = D-^((lnL))i, . . . , (lnD)„, (n + 2) + {In D)iy'). So for 
the i**^ component of ^, 

(n + 2)9,(e) 

= a,(i^-^(lnD)0 

= ^D~^ {In D) j{ln D)i + {In D)ij (7-6) 

D"^^T2trr 

= D n+2Tij = Sij 

n 
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for 1 < i < n. Similarly, 



(n + 2)dj{C ) = D-—{(\nD) 



1 



{\nDU\nD)^)y' = D-—^T,^y' 



n + 2 




n 




^^6^ = a6f where 



Now the affine structure equations, applied to the second ordinary deriva- 
tive ^ij, shows 



So ajS^ must be symmetric in and in particular, aiS^ = akSf. Since 
n > 2, we have Oj = for all i. So a is constant and = d^k implies that 
^ = aF + V, where is a constant vector. 
So far, we have shown 

Proposition 7.1 Let n>2. If Cijk = then ^ = aF + V for V a constant 
vector and a a constant scalar. 

The rest of the proof of the following theorem follows Nomizu-Sasaki [11] . 

Theorem 7.1 Assume n > 2. If the cubic form Cijk = 0, then the hyper- 
surface given by the image of F is a quadric hypersurface. In other words, 
there is a second-degree polynomial map V : M."''^^ M so that L is an open 
subset of{V = 0}. 

Proof Let C denote our hypersurface with is (locally) the image of the em- 
bedding F. For each x = F{y) G £, since {Fi, . . . , F„, ^} is a basis of M*^"*"^, 
we can write each point P G M" uniquely as 



{aF,)j 



P = F{y) + UUy)F,{y) + fip{y)ay). 



(7.7) 
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Then the Lie quadric of £ at x = F{y) is defined as the locus 

jr = {P e M"+^ : gijU'W - a^'^ - 2/i = 0}, 

where a is the constant determined in Proposition 17. II above and gij = gij{y). 
For each y, is clearly a quadric hypersurface in M""*"^. 

Now we will show that for each x E C, that C C J-'x- By dimension 
considerations, this show that C is an open subset of the quadric J-'x, and we 
are done. Now consider yo for F{yo) = P E C, and consider If and fi defined 
in fl7.7p above as functions of y with y^ fixed. Now differentiate fl7.7l) to find 
for /c = 1, . . . , n and Ul = dkU\ 

= dkP = UIF, + U'F,k + /ifc^ + l^ik. 

By Proposition [7?I1 = aFk, and also Fik = (P^j. + C^f^Fj + gn,^ for C/^ 
the cubic form and P^^, the Levi-Civita connection with respect to the affine 
metric gij. Since we assume the cubic form is zero, we have Fik = ^ik^j+9ikC 
Thus 

= UlFi + U'iTlFj + gikO + ^^ki + /iaF^, 
and by splitting into the components on the basis {Fi, . . . , F„, S,}-, we find 

Ui = + forj,A; = l,...,n, (7.8) 

/ifc = -U'gik for /c = 1, . . . , n. (7.9) 

Now define $ : £ ^ M by 

^y) = gijU'U^ - a/x^ - 2/i = D^SijU'W - a/i^ - 2/i. 

Note $(yo) = since by definition f/*(?/o) = /^(z/o) = 0. So if we show 
$fc = 0, then $(|/) = for all y. By the definitions of $, t/*, /i, then we will 
have shown y^ G and so C C J-'y. 

So in order to complete the proof of the theorem, we must check ^k = 0. 
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So compute, using fl7.8l) and fl7.9p above 
1 



- 2a/iyUfe - 

+ 2D^s.,f/^-[-t/'r|,-(l + a/i)5^] 



n + 2 
1 

n + 2 



£)— (lnD)feS,j[/*f/^' + D—s^jkU'U^ - D—Si 



n + 2 



+ 



0. 



n + 2 



{\nD)i5l + s'^sikr. 



n + 2 



This completes the proof of Theorem 17.11 



□ 
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